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Abstract: We study and completely describe pairs of compatible Poisson structures near singular points of the recursion
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On the fibres of Mishchenko-Fomenko systems
Authors: Peter Crooks, Markus Röser

Abstract: This work is concerned with Mishchenko and Fomenko's celebrated theory of completely integrable systems on a
complex semisimple Lie algebra . Their theory associates a maximal Poisson-commutative subalgebra of  to each
regular element , and one can assemble free generators of this subalgebra into a moment map . We
examine the structure of fibres in Mishchenko--Fomenko systems, building on the foundation laid by Bolsinov, Charbonnel--
Moreau, Moreau, and others. This includes proving that the critical values of  have codimension  or  in , and that
each codimension is achievable in examples. Our results on singularities make use of a subalgebra , defined to be the
intersection of all Borel subalgebras of  containing . In the case of a non-nilpotent  and an element , we

prove the following:  lies in the singular locus of , and the fibres through points in  form a 
-dimensional family of singular fibres. We next consider the irreducible components of our fibres, giving a systematic

way to construct many components via Mishchenko--Fomenko systems on Levi subalgebras . In addition, we obtain
concrete results on irreducible components that do not arise from the aforementioned construction. Our final main result is a
recursive formula for the number of irreducible components in , and it generalizes a result of Charbonnel--Moreau.
Illustrative examples are included at the end of this paper. ̗ Less

Submitted 9 July, 2019; originally announced July 2019.

Comments: 29 pages

MSC Class: 17B80 (primary); 17B63; 22E46 (secondary)

5. arXiv:1906.07958  [pdf, other]   

Chaos and integrability in SL(2,R)-geometry
Authors: A. V. Bolsinov, A. P. Veselov, Y. Ye

Abstract: The integrability of the geodesic flow on the three-folds  admitting -geometry in Thurston's sense is
investigated. The main examples are the quotients , where  is a cofinite Fuchsian
group. We show that the corresponding phase space  contains two open regions with integrable and chaotic
behaviour with zero and positive topological entropy respectively. As a concrete example we consider the case of modular 3-
fold with the modular group , when  is known to be homeomorphic to the complement of a trefoil knot 

 in 3-sphere. Ghys proved a remarkable fact that the lifts of the periodic geodesics to the modular surface to  produce
the same isotopy class of knots, which appeared in the chaotic version of the celebrated Lorenz system and were extensively
studied by Birman and Williams. We show that in the integrable limit of the geodesic system on  they are replaced by the
simple class of cable knots of trefoil. ̗ Less
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Nijenhuis Geometry
Authors: Alexey V. Bolsinov, Andrey Yu. Konyaev, Vladimir S. Matveev

Abstract: This work is the first, and main, of the series of papers in progress dedicated to Nienhuis operators, i.e., fields of
endomorphisms with vanishing Nijenhuis tensor. It serves as an introduction to Nijenhuis Geometry that should be
understood in much wider context than before: from local description at generic points to singularities and global analysis.
The goal of the present paper is to introduce terminology, develop new important techniques (e.g., analytic functions of
Nijenhuis operators, splitting theorem and linearisation), summarise and generalise basic facts (some of which are already
known but we give new self-contained proofs), and more importantly, to demonstrate that the research programme
proposed in the paper is realistic by proving a series of new, not at all obvious, results. ̗ Less
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Abstract: The paper surveys open problems and questions related to different aspects of integrable systems with finitely
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Open Problems, Questions, and Challenges in Finite-Dimensional Integrable Systems
Authors: A. Bolsinov, V. Matveev, E. Miranda, S. Tabachnikov

Abstract: The paper surveys open problems and questions related to different aspects of integrable systems with finitely
many degrees of freedom. Many of the open problems were suggested by the participants of the conference "Finite-
dimensional Integrable Systems, FDIS 2017" held at CRM, Barcelona in July 2017.
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Symplectic invariants for parabolic orbits and cusp singularities of integrable systems with
two degrees of freedom
Authors: Alexey Bolsinov, Lorenzo Guglielmi, Elena Kudryavtseva

Abstract: We discuss normal forms and symplectic invariants of parabolic orbits and cuspidal tori in integrable Hamiltonian
systems with two degrees of freedom. Such singularities appear in many integrable systems in geometry and mathematical
physics and can be considered as the simplest example of degenerate singularities. We also suggest some new techniques
which apparently can be used for studying symple… ̙ More
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Abstract: The Bochner tensor is the Kähler analogue of the conformal Weyl tensor. In this article, we derive local (i.e., in a
neighbourhood of almost every point) normal forms for a (pseudo-)Kähler manifold with vanishing Bochner tensor. The
description is pined down to a new class of symmetric spaces which we describe in terms of their curvature operators. We
also give a local description of weakly Bochne… ̙ More
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Compatible Poisson brackets/structures
Definition.

Two Poisson structures P1 and P2 are compatible if the sum P1 + P2 is a
Poisson structure also.
A vector field X is called bi-Hamiltonian if it is Hamiltonian w.r.t. two
compatible Poisson brackets P1 and P2:

X = P1 d f1 = P2 d f2.

As a rule, bi-Hamiltonian systems are integrable and possess many other
remarkable properties.
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Geodesically equivalent metrics
Definition. Two (pseudo)-Riemannian metrics g1 and g2 are projectively
equivalent if they have the same geodesics (as unparametrised curves).

Dini Theorem: Two Riemannian metrics g1 and g2 in dimension 2 are
geodesically equivalent if and only if in an appropriate coordinate system:

g1 =
�
v(y)�u(x)

�
(d x2+d y 2) and g2 =

✓
1

u(x)
� 1

v(y)

◆✓
d x2

u(x)
+

d y 2

v(y)

◆
.

Levi-Civita Theorem: Riemannian, arbitrary dimension, generic point.
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Poisson structures of hydrodynamic type
The notion of a Hamiltonian system can be naturally introduced for
systems of PDEs. In particular, a quasi-linear system of hydrodynamic
type:

ut = A(u)ux , where u =

0

B@
u
1(t, x)
...

u
n(t, x)

1

CA, and A(u) =
⇣
A

i
j(u)

⌘
is

an operator on a manifold M with local coordinates u, will be
Hamiltonian if

Ai
j = rirjh = g ij @2h

@x s@x j
� �isj

@h

@xs
,

where r is the Levi-Civita connection for a flat metric g and h : M ! R.
In this sense, g defines a Poisson structure of hydrodynamic type.
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Nijenhuis operators as partners of other geometric structures

I Consider two compatible Poisson structures P1 and P2, one of which
is non-degenerate. Then the operator L = P2P

�1
1 is Nijenhuis.

I Consider two geodesically equivalent metrics g1 and g2. Then the
operator L =

� det g2
det g1

� 1
n+1 g�1

2 g1 is Nijenhuis.
I Consider two compatible Poisson brackets of hydrodynamic type,

determined by two flat metrics g1 and g2. Then the operator
L = g�1

2 g1 is Nijenhuis.

For each of these situations it makes sense to introduce the following
terminology:
I L is compatible with a Poisson structure P , if P and LP are

compatible Poisson structures.
I L is geodesically compatible with g , if the metrics g and 1

| det L|gL
�1

are geodesically equivalent.
I L is Poisson compatible with a flat metric g , if gL�1 is flat and the

metrics g and gL�1 define a pair of compatible Poisson brackets of
hydrodynamic type.



Which Nijenhuis L can find a suitable partner?

Problem 13

Let L be a Nijenhuis operator. Does it admit
I compatible Poisson structure P ,
I geodesically compatible metric g ,
I Poisson compatible (flat) metric g ?

This question makes sense both in global and local context.
Comments.
I If the algebraic type of an operator L is locally constant (i.e. we

consider a non-singular point), then the answer is essentially known
(Turiel and AB and V. Matveev) in the first two cases. It the third
case the answer does not seem to be clear...

I Thus the question is basically related to singular points: which
singularities of the operator L are admissible in this context?

I If L is differentially non-degenerate at a given singular point, then
the partner for L exists in each of the above cases ([Nij1],
[ApplNij1], [ApplNij2]).

I In the case of geodesic compatibility, all admissible singularities are
know if g is positive definite (V. Matveev).



Pencils of Nijenhuis operators

Definition. Two Nijenhuis operators L1 and L2 are called compatible, if
their sum is again a Nijenhuis operator.
A pencil of Nijenhuis operators L is a vector subspace of the space
End(TM) of all operators, which consist of Nijenhuis operators.

A natural general question is description of examples and classification of
Nijenhuis pencils (at generic points). Maximal pencils are of particular
interest (i.e. those which cannot be extended). Two examples:
I diagonal pencil

�
L = diag

�
f1(x1), f2(x2), . . . , fn(xn)

� 

I pencil of operators of th eformn
L =

⇣
aij + bixj + xibj + axixj

⌘
, aij = aji

o
or, more generally,

n
L =

⇣
cki (aij + bixj + xibj + axixj)

⌘
, aij = aji

o

Since we do not know almost anything about Nijenhuis pencils, a natural
task, at the moment, would be just funding and studying examples.



Starting with examples

Problem 14I Construct examples of (maximal) pencils that contain the diagonal
operator {L = diag

�
x1, . . . , xn

�
} (see the two examples above)

I Which operators are compatible with the diagonal operator? With
operators of the form f (x) · Id ?

I What is the minimal dimension for a maximal pencil? Do there exist
three-dimensional maximal pencils?

I Do there exist pencils L such that each L 2 L can be reduced to a
constant form, but all together cannot?

I Shift of argument (version 1): Let L =
⇣
c ijkx

j
⌘

be a Nijenhuis
operator that is linear in local coordinates. Then La =

⇣
c ijka

j
⌘

is
compatible with L for any a 2 Rn, and all together they form a
pencil. What can we say about its extension up to a maximal pencil?

I Shift of argument (version 2): Let g be a Frobenius Lie algebra, i.e.
the natrix Ax =

⇣
ckij x

k
⌘

is non-degenerate at a generic point. The
Nijenhuis operators of the form AaA�1

x , a 2 Rn form a pencil of
dimension n. What can we say about its maximality?



Nijenhuis cohomologies
For Nijenhuis manifolds, one can introduce another differentiation operator
LL = dL : ⌦k(M) ! ⌦k+1(M) on the complex of exterior differential forms,
with two basic properties (see Lectures 18 and 19):
I LLf = L

⇤(df ) = L
↵
i

@f
@x↵ dx i ;

I LLdx
i = �d

�
L
⇤dx i

�
= �d

�
L
i
↵dx

↵
�
.

If L is a Nijenhuis operator, then L2
L = 0 and we can naturally define the

cohomology groups H
k
L (M).

Problem 15

What can we say about these cohomologies in local setting when M is a
neighborhood of a singular point of the Nijenhuis operator L? The simplest
case to start with is L(x , y) with components linear in x and y in dimension 2.
All these case are described in Lecture 9 (list of left symmetric algebras in 2D).

Problem 16

Compute the cohomologies for known global examples (complex structure,
partners of geodesically equivalent metrics, operators on two-dimensional
surfaces).

Problem 17

Verify the following conjecture: Let L be gl-regular and dL! = d! = 0 for
! 2 ⌦k(M). Then there exists ↵ 2 ⌦k�2 such that ! = ddL↵.



What else?

I Nijenhuis Zoo: collecting various samples of Nijenhuis operators.
I Examples of Nijenhuis operators with polynomial components

(quadratic, cubic, . . . )
I Global examples on interesting manifolds
I Examples of compatible Nijenhuis operators
I etc.

I Many questions related to left symmetric algebras (separate huge
topic): classification of LSA and studying their non-degeneracy.

I How are singularities of Nijenhuis operators related with the
singularities of the Hamiltonian systems associated with them
(Problem 5.16 in [1]). Can we check non-degeneracy of singularities by
using Nijenhuis operators?

I Topology of manifolds admitting geodesically equivalent metrics.
I Studying systems of hydrodynamic type ut = A(u)ux and (perhaps!)

proving the conjecture 1 on geodesic flows on the torus T 2.

1AB, V.V.Kozlov, A.T.Fomenko, UMN, 50:3 (1995), 3–32.
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