
 

1 Introduction to Deligne Lusatig theory Charlotte Chan

All representations are over C
For a finitegroupG 161 Ema dim x ̅

Reps of GLzFq G

1 dim reps of GLzlFq GL Fa Fat C q 1 reps

T 8 0 EFÉ Fa surjection B T gives Brep B c
B 8

Induce to GL Fg rep Ind's E pInd4
Exercise

dim Homa Indg E Indigo
2 if 0 0 10
1 if 0,04W
and 01

BB canbe 0 if 0 40 cotwhere 9 8
w'E 1 w s t 01W

EwdimHomCO10jw
In particular pIndfO doesnotdepend onthechoice of B
and dim Enda pInd 01 8 85

Thereare a 1 characters of IFÉxIFq and q 1ofthesehave 0W

so there are 1 19 1 92311 irrepsof dimension 1 9 1

Exercise pInd4 Ooodet pIndf O 0 Goodet
here if wo then Goodet thenpInd pInd 1 0odet

SodecomposingpInd is thesameas decomposing pind 1



p Ind 1 8 a 19b 19 geh.beB f a

Wehavea copy of thetrivalrep constant functions 913 G Cp Ind A

Wethen havepIndt 1 10 Stat Steinbergrepresentation dim a
Wehave q 1 ineps Sta Ooodet of dimension q

Count theineps andcheck thedimension formulaworks

q 1 1 q 1 q
92 3512 9 1 q2 1 q2g at

biggest terms in each are 1 and94 sowe'remissinghalf theirreps
Whereare theothers Answer comesfrom Deligne Lusatig theory

Suppose GL Fg hasdistincteigenvalues Theseeigenvalues
are either in IFI or IFG sincecharacteristic polynomialhasdeg 2

Question whatabout tori withelementswhoseeigenvalues arenot inIFI
antionts in Gl is a subgroupscheme T sit Try E Gm

Analogue GL IR has a nonsplit tones r 0 ER

Glak

IRÉS y

roost irsine is
Similarly we consider a number I without a square root in IFa so

Fai Glalfa
Fala

Exercise what if q 2n

atbra Saba

No Borel marinal solvable connectedsubgroup containsthisnonsplittorus



DL induction gives a way to associate toany Fg Gt

a GcharacterRY O whichbehaves likeparabolic induction

Theorem Let TTbe a maximal tori of Gl Fgand0O be
characters of T T respectively Then a flats

RE O R 0 weWit 10 0 sew

whereWT.tl GEAL Fg gTg T T Weylgroup ifTET

Example T IFÉxFa WT 52 1 wo Wola b bra

TEFÉ W 5 1 wo Wo a as
OR Wo at bord do bord

Lemma R 00Goodet RIO Goodet

Fact RF G Hilsome curve HE some curve

so RF mightonly be a virtual charactersince itmay benegative
Example RE 1 Sta 1 Note 1 St 1 St 1 1 0

Upshot is we have more irreps now of dimension q i

q 1117 q 1 q
9231 at 1 2 92351 12Ehgal

Theorem DL If p is an irreducible representation of a
finitegroupof Lie typeG then there is a maximal torus T

andcharacter O T at sit P RY O 0



Whatis the curve usedto define RF O Basicframework

we want a bijectivemap T.FRw Irr G Thatsuch

a mapmightexist was observed afterhandcomputationsforGlz
Macdonald'sconjective Dl theory uses T to construct a

varietyXica which almost livesinside theflag variety C B
Tca has natural actions by T on the left and G on theright
and then thecohomologymodules give a G character

RFO Σ 1 Hc Xtc a
where subscript denotes the O isotypic subspace
For G GLzlFq with T the nonsplit tones we have

Tca V Carb bra 1 CAE
GL Fa acts on 9 by matrixmutt T

Drinfeld curve
IgE acts on 9 by scaling

Def DLvariety let G be a connectedalg group over IFa
and F G G the Frobeniusmap for a Fa rationalstructure ofG
and TC BCG maximaltorusandBorel with Tstable under F

Tca geG 9 F g EU
where U Ru B Note thisdepends on B but RI doesn't



Example GL Fa Gla Fa
g Wogawo

98 wf
b

wo

Gh Fg
F Ghz Fg

T x cGhzFg gives TF s a b b a EFg
With B U we have

Tca 9 64Fa g F g Eu

g F y Egu
98 9 a 99 11 for some aceFa

b detEFF
Y acts bat 9 1

IV aab bra 1 exercise

Fact theDrinfeld curve has image under1A IP Ifa
givenby IP IP Fg andall fibres are iso.to Fg

GLzFavsSLzlFa.Recall pInd 0 pInd new Qw

There is exactly one W orbitof suchthat Q slant slant

This alsohappens for the nonsplit tons Exercise

There's one pIndO andone R O which are ineducible for

Gla Fg but not for SL lFq Eachsplitsinto 2nonisomorphic reps
with dim for theformerand 9 for the latter



Thereis a spectrum from split to ellipticmaximal tori

split T elliptic
13 easiest reps

Stabulo

W unipotent reps


